Abstract. We review our construction of star-products on Poisson manifolds and discuss some examples. In particular, we work out the relation with Fedosov's original construction in the symplectic case.
Introduction
In [8] Kontsevich solved the problem of describing associative deformations of the algebra of functions on a manifold. In particular, he gave an explicit formula for the associative deformations ("star-products" [2] ) f ⋆g = f g+ǫB 1 (f, g)+ǫ 2 B 2 (f, g)+· · · of the product of functions on an open subset M of Ê d , with bidifferential operators B j and so that f ⋆ 1 = 1 ⋆ f = f . Here ǫ is a formal parameter (ǫ = i /2 in the notation of physics). He also described a (non-explicit) way to obtain star-products on arbitrary manifolds, as a corollary of his formality theorem, see [8] and, for more details, Appendix A.3 of [9] .
Here we review a more explicit version [5] of the construction of star-products on arbitrary manifolds. For a more physics-oriented review and the relation to quantum field theory, see [4] . Our approach is based on the notion of Fedosov connections on jet bundles. A special case of this notion was introduced by Fedosov [7] to construct star-products such that the Poisson bracket defined by f ⋆g −g ⋆f = 2ǫ{f, g} + O(ǫ 2 ) comes from a symplectic structure. In general, one is given a Poisson manifold (M, α), which is a manifold M with a bivector field α ∈ Γ(M, ∧ 2 T M ) so that the bracket {f, g} = α(df ⊗ dg) obeys the Jacobi identity and asks for star-products as above so that 1 2 (B 1 (f, g) − B 1 (g, f )) = {f, g}.
To construct such products using Kontsevich's local formula, we first describe the local data given by the Poisson structure. Let E 0 be the bundle of (infinite) jets of smooth functions on M . The fiber over x ∈ M consists of jets of functions at x, namely equivalence classes of smooth functions defined on some open neighborhood of x, where two functions are considered to be equivalent iff they have the same Taylor expansion at x (with respect to any choice of local coordinates around x). Similarly, one considers jets of multivector fields and multidifferential operators. To any function f ∈ C ∞ (M ) there corresponds a section of E 0 , the jet of f : its value at x is the jet of f at x. The bundle E 0 comes with a canonical flat connection D 0 : Γ(M, E 0 ) → Ω 1 (M, E 0 ), which is the unique connection so that its horizontal sections are precisely the jets of globally defined smooth functions. Moreover the
for any sections f, g ∈ Γ(M, E 0 ). Thus E 0 is a bundle of Poisson algebras with flat connection. The Leibniz rules imply that we have an isomorphism of Poisson algebras
from the algebra of smooth functions onto the algebra of horizontal sections.
The idea is now to "quantize" (E 0 , D 0 ): we construct a bundle
]-algebras using Kontsevich's local formula in each fiber. Then we deform the connection D 0 to a flat connectionD = D 0 + O(ǫ) on E obeying the Leibniz ruleD
Thus the product induces a product on the space of horizontal sections H 0 (E,D).
Finally we construct a quantization map, an isomorphism of Ê[[ǫ]]-modules ρ :
given by differential operators and such that ρ(1) = 1.
be the algebra of formal power series in d indeterminates. A (formal) Poisson bracket on A d is a Lie algebra structure on A d of the form
which is a deformation of the product on A d : for f, g ∈ A d , the product has the form
is a certain bidifferential operator whose coefficients are homogeneous polynomials of degree n in the partial derivatives of the coordinates α ij of the Poisson bivector field α. For example,
. . , α n ) is defined not only for Poisson bivector fields but also for multivector fields (skew-symmetric contravariant tensor fields) α i .
, is a multidifferential operator. The coefficients of these multidifferential operators are polynomials in the partial derivatives of the coordinates of α 1 , . . . , α n , linear in each α i . They are given in terms of integrals of differential forms over configuration spaces of n-points in the upper half plane, see [8] , and can be interpreted as Feynman amplitudes for a topological string theory [3] .
The associativity of the product is a special case of Kontsevich's formality theorem, which is a sequence of quadratic relations for the operators U n . For our purpose we need a further set of special cases, namely all cases where α i is either a given Poisson bivector field, a vector field or a function. Leaving functions apart for the time being, the relations may be expressed as follows: introduce the generating series 
be the corresponding Lie algebra complex, with differential δ. The maps
. . , α), for k = 0, 1, 2 can be then considered as elements of this complex. The formality theorem for these objects may be written as
The first equation is the associativity of the product. The second equation says that changing coordinates leads to an equivalent product. Indeed δP (ξ, α) = d dt P (φ t * α)| t=0 is the infinitesimal variation of the product under a coordinate transformation given by the flow φ t of ξ. Before explaining the meaning of the remaining equations, which will appear in Prop. 5.1 below, we need to discuss the action of the Lie algebra gl d ⊂ W d of linear vector fields and the lowest order terms of P , A, F . The action of gl d on P , A, F is described by two properties:
operator and F (ξ, η, α) = 0. This property follows from the vanishing of certain integrals, see property P5 in Sect. 7 of [8] . The lowest order terms in ǫ are also the result of explicit calculation of simplest Feynman integrals:
It is worth noticing that the equations (i)-(iv) may be written succinctly as a Maurer-Cartan equation δS + In order to apply Kontsevich's formula to the jet bundle E 0 we need to introduce coordinates. This is done using ideas of formal geometry, see [8] : let M coor be the manifold of jets of coordinates systems on M . A point in M coor is an infinite jet at
Two such maps define the same infinite jet if and only if their Taylor expansions at zero (for any choice of local coordinates on M ) coincide. We have a projection π :
The group GL(d, Ê) of linear diffeomorphisms acts on M coor and we set coor and it is easy to check that it descends toẼ 0 . We will need the fact that the fibers of the bundle M aff → M are contractible so that there exist sections ϕ aff : M → M aff . For example, the exponential map of a torsion free connection on the tangent bundle defines such a section. 
sends f to the Taylor expansion at zero of f • ϕ. One way to choose a local lift is induced by a choice of local coordinates: let
where T (x; y) is the matrix inverse to (∂ϕ 
It does not depend of the choice of local lift since P is GL(d, Ê)-equivariant, see
We now use A of equation (2) to construct a deformation D = D 0 + ǫD 1 + · · · of the canonical connection D 0 . Let x ∈ M and ξ ∈ T x M . Again we choose a local lift ϕ of ϕ aff and setξ
The connection is then defined as
By properties A and B, this formula defines a connection on E which is independent of the choice of local lift. By property D, it is a deformation of D 0 . Equation (ii) in the formality theorem now implies the crucial statement:
Proposition 4.1. For any f, g ∈ Γ(M, E), we have the Leibniz rule
However D is not flat, so that the algebra of horizontal sections with respect to D will not be isomorphic to C
We are going to discuss this difficulty in the next section.
Flattening the connection D
The connection D can be extended to a (graded) derivation
of the algebra of differential forms on M with values in E (the product on this algebra is defined by the star-product in the fibers and the wedge product on differential forms). Its curvature D 2 is then an End(E) valued two-form. Let
By properties A and B, F M is independent of the local lift ϕ x needed to defineξ x , η x and α x .
Then the formality identities (iii), (iv) translate into the following statements.
The two-form F M is called the Weyl curvature of D. In general, a connection on a bundle of associative algebras with the above properties, i.e. to be a derivation whose curvature is an inner derivation such that its Weyl curvature satisfies the Bianchi identity (5), is called a Fedosov connection.
We want now to modify D so that it becomes flat still remaining a derivation. The first observation is thatD
Moreover,D turns out to be again a Fedosov connection with Weyl curvatureF
If we are able to find γ so thatF M = 0,
thenD-closed sections will form a nontrivial subalgebra of Γ(M, E).
The one-form γ can be found as follows. Since F M starts at order ǫ, see property E, we may write F = ǫF 1 + ǫ 2 F 2 + · · · . The correction γ does not need to have a term of order zero, so we write γ = ǫγ 1 + ǫ 2 γ 2 + · · · . The equationF = 0 at order ǫ reads 
]-modules. Then the pull-back of the product defines a star-product on
To construct ρ one looks for a bundle map, also denoted by ρ, from E 0 to E of the form ρ = Id+ǫρ 1 +. . . so that
and that ρ i are given by differential operators. Again, there are no cohomological obstructions to find such a ρ: the ρ i can be found recursively by solving equations of the form D 0 (ρ i ) :
The known term on the right is D 0 -closed by the induction hypothesis, and ρ i can be found as a differential operator, as the D 0 -cohomology of the subbundle of End(E 0 ) given by differential operators is trivial in degree 1. Furthermore ρ is unique if we require that ρ(f ) x (y = 0) = f x (y = 0), for any section f . The result is then:
M be the corresponding product on Γ(M, E), the connection on E and its curvature, respectively. Let γ ∈ Ω 1 (M, E), and ρ ∈ Γ(M, Hom(E 0 , E)) be solutions of (6), (7), respectively. ThenD = D + [γ, ·] ⋆ is a flat connection on E obeying the
] is a star-product with first order term α.
Thus the construction of a star-product for Poisson manifolds requires solving an equation for γ and an equation for ρ. We want to show that these equations can be solved in an explicit way. The equation for γ = ǫ j γ j can be solved recursively: at the jth step of the recursion, one has an equation of the form
where β j ∈ Ω 2 (M, E 0 ) obeys D 0 β j = 0 and is known. The point is that γ j may be constructed by a purely local calculation: namely, let us introduce local coordinates and a local trivialization of E 0 as in Sect. 3.
It is useful to define the total degree of a form on M taking values in sections of E 0 as the sum of the form degree and the degree in y. Then we write
is the zero-degree part and D ′ 0 has positive degree. It follows immediately that δ 2 = 0. We can define a dual operator to δ on E 0 -valued differential forms:
where ι denotes inner multiplication. It is easy to verify that (δδ * + δ * δ)ρ = kρ for every form ρ of total degree k. Thus, if we restrict to δ-closed forms of positive total degree k, we may then invert δ by δ −1 ρ = 1 k δ * ρ. This inverse yields the unique form σ such that δσ = ρ and δ * σ = 0. This proves that the δ-cohomology is concentrated in degree zero, i.e., functions on M (independent of y).
Then the solution of eq. (8) obeying δ * γ i = 0 is
The infinite sum converges in the sense of formal power series since the n-th term is of degree at least n in y.
The equation for ρ can be solved similarly.
Casimir and central functions
We describe variants of our constructions which are relevant for the treatment of the center and for the comparison with Fedosov's construction in the symplectic case. * , G. FELDER * * , AND L. TOMASSINI * * 6.1. Central closed two-forms. Let ω = ω 0 + ǫω 1 + · · · ∈ Ω 2 (M, E) be such that Dω = 0 and [ω, f ] ⋆ = 0 ∀f ∈ Γ(M, E). Then we may construct a more general flat connectionD by replacing (6) by
Indeed, the Bianchi identity holds also for F M − ω andD 2 = 0 since ω is central. We get thus a family of products parametrized by D-closed central two forms ω.
6.2.
The second construction of a quantization map. The second variation concerns the quantization map. It is possible to make it compatible with the center in the following sense: let Z 0 (M ) = {f ∈ C ∞ (M ) | {f, ·} = 0} be the algebra of Casimir functions. There exists a quantization map ρ :
. It is constructed using the two remaining special cases of the formality theorem involving the Poisson vector field, vector fields and functions, see [5] .
This quantization map can be used to construct a linear map from the space of 
, we obtain an equivalent star-product. Still in general we do not get all star-products up to equivalence in this way. To obtain all equivalence classes of star-products, we have to take α to be a power series in ǫ. Then [8] 
given by ω → δ α D 
aff is chosen to be adapted to the foliation, in the sense that for all x ∈ M , there is a representative ϕ x of ϕ aff (x) so that ϕ −1
x is an adapted chart, then ⋆, with ρ from the "second construction", is tangential. Using this property, one can restrict star-products to the leaves of a foliated Poisson manifold. A
x Ω is a constant two-form. Symplectic manifolds always have Darboux sections. For example, a torsion free symplectic connection gives rise to a Darboux section (but not through the exponential map), see [7] , Section 2.5.
In Darboux coordinates the Kontsevich product reduces to the Moyal product, and also the other objects A, F may be described explicitly. As a result, we have explicit formulae in terms of a local lift of ϕ aff with the property that α x = (ϕ −1
x ) * α is a constant bivector field α 0 . In this case, ϕ * x ω MC is a 1-form on M with values in the Hamiltonian formal vector fields. The corresponding hamiltonian functions h x , normalized by h x (y = 0) = 0, define an E 0 -valued one-form x → h x . Then we have We have a bundle isomorphism E → W sending the jet at x of a function f to the class of (e, f • ϕ x ), where ϕ x is the unique representative of ϕ aff (x) that maps the standard frame of Ê d to the frame e. By (i) this is an isomorphism of algebra bundles. The connectionD F is then of the formD = D + [γ, ·] with γ F = (2ǫ) −1 h x + γ, where γ is a solution of (10) with ω = Ω 0 + ǫΩ 1 + · · · . The result is that our star-product constructed using a closed two-form ω ∈ Ω 2 (M ) [[ǫ] ] is equivalent to Fedosov's star-product associated to the class of Ω(ǫ) = −(2ǫ) −1 Ω + ω. Details will be presented elsewhere [6] .
